
320 S O L V E N T  S T R U C T U R E  A N D  H Y D R O G E N  E X C H A N G E  IN  P R O T E I N S  

We are i ndeb t ed  to Dr  A. Kossiakoff  for  p rov id ing  
us with u n p u b l i s h e d  neu t ron  diff ract ion da ta  for  
h y d r o g e n o u s  and  deu te ra ted  t rypsin,  as well as for  
frui tful  discussions.  Cer ta in  commerc ia l  equ ipmen t ,  
ins t ruments  and  mater ia ls  are ident if ied in this pape r  
in order  to specify  the exper imen ta l  p rocedure .  Such 
ident i f ica t ion  does not  imply  r e c o m m e n d a t i o n  or 
e n d o r s e m e n t  by the Na t iona l  Bureau of  S tandards ,  
no r  does it imply  that  the mater ia ls  or e q u i p m e n t  
ident if ied are necessar i ly  the best avai lable  for  the 
purpose .  

References 
BENTLEY, G. A., DELEPIERRE, M., DOBSON, C. M., MASON, S. 

A., POULSEN, F. M. & WENDIN, R. E. (1983). J. Mol. Biol. 170, 
243-247. 

BLEVINS, R. A. & TULINSKY, A. (1985). J. Biol. Chem. 260, 
8865-8872. 

CHAMBERS, J. L. & STROUD, R. M. (1977). Acta Cryst. B33, 
1824-1827. 

FRASER, R. D. B., MACRUE, T P. & SUZUKt, E. (1978). J. Appl. 
Cryst. 11,693-694. 

HANSON, J. C. & SCHOENBORN, B. P. (1981). J. Mol. Biol. 153, 
117-146. 

HENDRICKSON, W. A. & LATTMAN, E. E. (1970). Acta Cryst. 
B26, 136-143. 

KOSSIAKOFF, A. A. (1982). Nature (London), 296, 713-721. 
KOSSlAKOFF, A. A. (1983). Annu. Rev. Biophys. Bioeng. 12, 159- 

182. 
KOSSIAKOFF, A. A. (1985). Annu. Rev. Biochem. 54, 1195-1227. 
KOSSIAKOFF, A. A. & SPENCER, S. A. (1981). Biochemistry, 20, 

6462-6474. 
MASON, S. A., BENTLEY, G. A. & M¢INTYRE, G. J. (1984). In 

Neutrons in Biology, edited by B. SCHOENBORN, pp. 323-334. 
New York: Plenum Press. 

PHILLIPS, S. E. V. (1980). J. Mol. Biol. 142, 531-554. 

PRINCE, E., WLODAWER, A. & SANTORO, A. (1978). J. Appl. 
Cryst. 11, 173-178. 

RAGHAVAN, N. V. & SCHOENBORN, B. P. (1984). In Neutrons in 
Biology, edited by B. SCHOENBORN, pp. 247-259. New York: 
Plenum Press. 

SAVAGE, H. • WLODAWER, A. (1986). Methods Enzvmol. 127, 
162-183. 

SCHOENBORN, I. P. (1969). Nature (London), 224, 143-146. 
SHPUNGIN, J. t~ KOSSIAKOFF, A. A. (1986). Methods Enzymol. 

127, 329-342. 
SJOLIN, L. & WLODAWER, A. (1981). Acta Cryst. A37, 594-604. 
STE1GEMANN, W. (1974). PhD Thesis. Technische Univ. 

M/inchen, Federal Republic of Germany. 
TEETER, M. M. (1984). Proc. NatlAcad. Sci. USA, 81, 6014-6018. 
TEETER, M. M. & KOSSIAKOFF, A. A. (1984). In Neutrons in 

Biology, edited by B. SCHOENBORN, pp. 335-348. New York: 
Plenum Press. 

TOLSTOY, G. P. (1976). Fourier Series. New York: Dover. 
WAGNER, G. & WOTHRICH, K. (1982). J. Mol. Biol. 160, 343-361. 
WALTER, J. & HUBER, R. (1983). J. Mol. Biol. 167, 911-917. 
WANG, B. C. (1985). Methods Enzymol. 115, 90-112. 
WLODAWER A. (1980). Acta Cryst. B36, 1826-1831. 
WLODAWER A. (1982). Prog. Biophys. Mol. Biol. 40, 115-159. 
WLODAWER, A., BORKAKOTI, N., Moss, D. S. & HOWLIN, B. 

(1986). Acta Cryst. B42, 379-387. 
WLODAWER, A., DEISENIqOFER, J. & HUBER, R. (1987). J. Mol. 

Biol. 193, 145-156. 
WLODAWER, A. & HENDRICKSON, W.A. (1982). Acta Cryst. A38, 

239-247. 
WLODAWER, m., NACHMAN, J., GILLILAND, G., GALLAGHER, 

W. & WOODWARD, C. (1987). J. Mol. Biol. 198, 469-480. 
WLODAWER A., SAVAGE, H. & DODSON, G. (1988). Proteins: 

Struct. Funct. Genetics. Submitted. 
WLODAWER, A. & SJ6L1N, L. (1982). Proc. Natl Acad. Sci. USA, 

79, 1418-1422. 
WLODAWER, A. & SJ6LIN, L. (1983). Biochemistry, 22, 2720-2728. 
WLODAWER, A. & SJOLIN, L. (1984). In Neutrons in Biology, 

edited by B. SCHOENBORN, pp. 349-364. New York: Plenum 
Press. 

WLODAWER, A., WALTER, J., HUBER, R. & SJ6LIN, L. (1984). 
J. Mol. Biol. 180, 301-331. 

A c t a  Cryst .  (1988). A44, 320-326 

Anisotropic Bond Polarizabilities in Birefringent Crystals 

BY HANS-J. WEBER 

Ins t i tu t  f i i r  Phys ik ,  Universi t i i t  D o r t m u n d ,  4600 D o r t m u n d ,  Federa l  Republ ic  o f  G e r m a n y  

(Received 4 August 1987; accepted 16 December 1987) 

Abstract 

Based on  the  concep t  o f  b o n d  polar izabi l i t ies  the 
opt ica l  p roper t ies  of  a crystal  are t raced back  to the 
o r i en ta t ion  o f  its bonds  and  to the ind iv idua l  b o n d  
paramete rs  /3 and  Aft. A test with var ious  sulfate  
c o m p o u n d s  shows that  the average bond  paramete r s  
/3 describe the average refract ive indices with a h igher  
accuracy  than  the t rad i t iona l  model  o f  ionic  
polar izabi l i t ies .  The an i so t rop ic  part  o f  a b o n d  

polar izabi l i ty ,  Aft, is cons ide red  to be the or igin o f  
opt ical  b i ref r ingence .  Values for  zi/3 are eva lua ted  in 
M C O  3 and  MSO4 ( M  -- Mg, Ca, Sr, Ba). In different  
crystals the same values for  Aft have been  d i scovered  
for the C - O  and  the S -O bonds .  A/3 of  the M - O  
bonds  depends  in a character is t ic  way on the b o n d  
length.  A s imple  m e t h o d  is used to ca lcula te  local  
field effects in acco rdance  with the mode l  of  b o n d  
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polarizabilities. Possible applications of bond 
polarizabilities for the determination of structural 
quantities are discussed. 

I. Introduction 

In the present paper we develop an empirical model 
of optical birefringence. Microscopic parameters are 
defined in such a way that a direct and simple relation 
between birefringence and structural parameters is 
obtained even for complex crystals. From an analysis 
of the optical susceptibilities of different compounds, 
representative features and trends of the microscopic 
optical parameters have been observed. 

The traditional approach for describing the relation 
between optical and structural properties is the 'point- 
dipole theory'. In this model the refractive index of 
a compound is calculated by adding together the ionic 
polarizabilities of its constituents. Especially success- 
ful examples of its application are the calculation of 
elastooptical coefficients in a-sulfur (Bounds & 
Munn, 1979) and the description of optical activity 
in various crystals (Devarajan & Glazer, 1986). 
However, the point-dipole approximation yields 
negative values for the polarizability of the Mg 2÷ ion 
(Pohl & Rath, 1979) and the polarizability of the same 
ion varies even in similar crystals (Lo, 1973). 

An alternative dielectric theory is based on Penn's 
model of a semiconductor with an average band gap 
(Penn, 1962). With this model Phillips (1968) and 
Van Vechten (1969) have developed the concept of 
bond polarizabilities. This concept has been used in 
nonlinear optics (Levine, 1973a), for evaluating the 
ionicity of bonds (Phillips & Van Vechten, 1969), and 
for the calculation of linear electrooptical coefficients 
(Shih & Yariv, 1982). Pantelides (1975a) has pointed 
out that Phillips's and Van Vechten's theory is the 
extreme opposite of the point-dipole approximation. 
Whereas in the latter model only intra-ionic electronic 
transitions are considered, in the semiconductor 
model refractivity is exclusively based on interionic 
transitions. 

The origin of optical anisotropy is different in each 
theory. The ionic polarizabilities are assumed to be 
isotropic and birefringence is a consequence of local 
field effects. In contrast to this picture bond 
polarizabilities are intrinsically anisotropic. In the 
present paper we assume that each bond has a rota- 
tional symmetry and is characterized by a longitudinal 
and a transverse polarizability, /3 L and /3r respec- 
tively. Thus in a material with two different bonds at 
least four microscopic quantities have to be deter- 
mined. Usually this is not possible because the num- 
ber of experimentally available optical constants is 
too small. Therefore we start the evaluation of bond 
polarizabilities with simple AB compounds and 
extend the analysis step by step to more complex 
crystals. 

In § II we summarize the formulae which are 
needed for the analysis of the optical susceptibilities 
and in § III some information about the materials 
under consideration is presented. The first class of 
compounds which are studied is the alkaline earth 
oxides (§ IV). In these crystals the influence of core 
excitations, which do not contribute to the bond 
polarizabilities (Weber 1986a), have to be taken into 
account. In § V the total polarizabilities of multibond 
compounds are divided into contributions from 
different bonds. In § VI the birefringehce of alkaline 
earth carbonates and sulfates is considered. These 
two kinds of materials have been selected because 
their anisotropies may have different origins. Whereas 
the CO32- ion is intrinsically anisotropic, birefringence 
in the sulfates must stem from interionic interactions. 

II. Theoretical relationships 

The macroscopic polarization 

P, = eoxoEj 
is obtained by a summation of all microscopic dipoles 
which are given by 

p~" = fi~ E~ ''°¢. 

fi~j is the polarizability of a microscopic unit ~ and 
E~ '~°c is the corresponding component of the acting 
local field. 

Defining a local field tensor F o by 
E~ ''°c= F~Ej 

and including eo in the definition of the polarizability 
by 13 = fl/eo we obtain 

= /3ikFkj, (1) Xu ( 1 / V ) E  ~' ~' 

where V is the volume of the unit cell. Here we assume 
that there are only longitudinal and transverse bond 
polarizabilities /3i. and ~r. The relation of /3L and 
/3 r to the/3u, which are related to a crystal-physical 
reference system, is given by (Weber, 1986a) 

/30 = ( a i  1 a j l  + ai2 aj2) /3 T + a i  3 aj3/3 L. 

a U are elements of the transformation matrix 

[ CdS3 CI C3/$3 C~ 

olij:l-C~/S3 C2C3/S3_ S 3 c3/C2 '] 

(2) 

where Ci = cos yi and & = sin y~. % denotes the angle 
between the bond axis and the x~ direction of the 
reference system. Equation (2) describes the influence 
of structural parameters on optical properties. 

It is possible to choose the reference system in such 
a way that all Xij which have i ~ j  vanish. Then a 
maximum of three independent components of Xu 
and 13 o exists, i.e. X11, X22, )(33. In addition we assume 
that the local field tensor possesses the same kind of 
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coefficients. This assumption means that the local 
field is parallel to the macroscopic field. Instead of 
X l l ,  ,¥22, X33 w e  u s e  throughout this paper the tensor 
invariants (Jerphagnon, Chemla & Bonneville, 1978) 

,~ = 1(,¥11 "+-/~22 -I- X33) 

AX'  = ,¥33 -- )? 

AX" = Xl I -)~. 

In a similar way we define the local field components 
F, AF', /iF" and the bond polarizabilities 

d = ~(/3 ~ + 2 fl T) 

af t  = ~ ( f l L _ f l ~ ) .  

With these definitions the susceptibilities are given by 

~ = ( 1 / V ) g  { f l # + ½ a f l [ a F ' ( C ~ - C ~ , )  
Ix 

+ AF"( C 2 -  C2)]} Ix (3a) 

a x ' =  (1/V) Y'. { ~ a F ' + ½ A f l P ( 3 C ~ - I )  
Ix 

+ ½ a f l [ a F ' ( C 3  2 -  C2 , ) -  A F " ( C  2 - C2)1} Ix 
(3b) 

AX"= (1 / V) ~ {/~AF" +1 - 2 ~AflF(3 C~ - 1) 
tx 

+ ½aft[ AF"( C ~ -  C3 2) - AF ' (  C 2 - C~)]}ix. 

For optically uniaxial crystals the above equations 
reduce to those reported by Chemla (1975). 

When a special bond A - B  appears in different 
crystals, the coordination number N may differ and, 
as a consequence, its polarizabilities may change. If 
the total number of bond charges is independent of 
the coordination, the proportionality 

fl ~ ZA/  NA + ZB/  NB (4) 

is valid (Levine, 1973b). Za and ZB enumerate the 
valence electrons of the cation A and of the anion B, 
respectively. 

A crucial problem in the application of (3) is the 
determination of the local field factors. Usually local 
field effects are assumed to be automatically included 
in the definition of bond polarizabilities (Chemla, 
1971). This approximation may not be valid in bire- 
fringent crystals (Chemla, 1975). In the present study 
we apply the Lorentz factor P = 1 +)?/3. This factor 
was derived from the idea that the bond under con- 
sideration is placed at the centre of a spherical cavity 
within a homogeneously polarized medium and the 
local field is created by the charges on the surface of 
this sphere. The contribution of these charges to AF 
is AX/3.  The dipoles within the spherical cavity do 
not contribute to F but they affect AF as shown below. 

III. Characterization of materials 

For the present study we have selected those crystals 
whose structural and optical data are known with a 

high degree of accuracy. These materials include 
different structural types: NaC1 structure (alkaline 
earth oxides), calcite structure (MgCO3, CaCO3, 
NaNO3), CaF2 structure [Sr(NO3)2, Ba(NO3)2] and 
various kinds of complex sulfate structures. Cell 
volumes and bond lengths have been calculated using 
average lattice constants tabulated in Landolt-B6rn- 
stein (1979a, 1982). When the atomic parameters 
reported by different authors vary we have calculated 
average values by giving recent data more importance 
than earlier data. For the analysis of birefringence 
exact structural data are especially important because 
in the sum ~ (3C~-1)  in (3) negative and positive 
contributions cancel each other out. 

Values of refractive indices have been taken from 
Landolt-B6rnstein (1962) and from the Handbook o f  
Optics (1978). For orthorhombic and monoclinic 
crystals the relations between optical data and crys- 
tallographic axes have been obtained from standard 
mineralogical text books (Winchell & Winchell, 
1964). 

The power series 

X = X° + X(')E2 +. . . 

has been fitted to the values of the susceptibility 
X = n2-1  at different photon energies E. Only the 
coefficients X ° have been used for the determination 
of bond polarizabilities. 

IV. Alkaline earth oxides 

Most of the birefringent crystals considered here con- 
tain M - O  bonds, where M designates an alkaline 
earth metal. The parameters of these bonds have been 
determined from the corresponding oxides. 

From the e ~2) spectra of alkali halides (e t2) is the 
imaginary part of the complex dielectric constant) it 
is well known that two kinds of electronic transitions 
can be distinguished (Pantelides, 1975b). The first 
corresponds to the excitation of valence electrons and 
the second to the transition between cation states. As 
only the excitation of valence electrons represents an 
interionic transition the second mechanism does not 
contribute to the bond polarizabilities. Therefore it 
is necessary to divide the total susceptibility X ° into 
two parts, 

X ° = X °' + X °'. 

Only X °' is assumed to represent the bond polariz- 
ability. Both kinds of mechanisms have also 
been observed in the e t2) spectra of alkaline earth 
oxides (Whited & Walker, 1969; Hanson, Arakawa 
& Williams, 1972). 

X °' and X °" for these compounds have been deter- 
mined with the same technique we have recently 
applied with alkali halides (Weber, 1986a). This tech- 
nique is based on a Kramers-Kronig transformation 
of the e (2) spectrum and an analysis of the dispersion 
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Table 1. Optical susceptibility_ X, bond length d, and 
average bond polarizabilities /3 in alkaline earth oxides 

MgO C a O  SrO BaO 

d (~)  2.1059 2.4048 2.5800 2.7696 
x ° * 1.941 2.271 2.261 2.540 
x °' 1 1.895 2.056 1.975 2.140 
X°"~: 0.046 0.215 0.286 0.400 
lff (A3) § 3-582 5.425 6.447 8.207 

• Total susceptibility X ° = X°'+X °" for the photon energy E = 0. 
t Partial susceptibility due to excitation of valence electrons. 
¢ Partial susceptibility due to excitation of core electrons. 
§ All/3 are related to the coordination number NM = 6 of the cation in MO. 

of refractive indices. The results are presented in 
Table 1. Table 1 also shows the average bond 
polarizabilities/g which have been derived from X °'. 

In cubic crystals the anisotropic part of/3 can be 
determined by the elastooptical effect (Weber, 
1986b). The birefringence which is induced by the 
shear strain e6 is described by 

X 1 2  - -  X 6  = - -  n 4 p 6 6 e 6  • 

X~2, in turn, is given by (Weber 1986b) 

X~E=(3g/4V) Y~ [(C2+ C2)A/3] ". 
/.t 

From the value P66 = - -  0.096 for MgO (Landolt-B6rn- 
stein, 1979b) we obtain A/3Mg_O = 3"14 ,~3. Unfortu- 
nately no elastooptical coefficients are available for 
the other alkaline earth oxides. 

V. Average bond polarizabilities 
of multibond compounds 

For complex materials little information is available 
about their e (2) spectra and about their electronic 
band structure. Therefore the contribution of intra- 
ionic transitions to the optical susceptibility cannot 
be clarified beyond doubt. The analysis of the e (2) 
spectra of some ferroelectric oxides suggests that exci- 
tations of core electrons are of less importance than 
in simple AB crystals (Mamedov, Shilnikov, Mehdiev 
& Ibragimova, 1984). Furthermore, in our analysis of 
carbonates and sulfates we did not find it necessary 
to consider intra-ionic transitions. Therefore with 
these materials we neglect them completely. As a 
further approximation we neglect the influence of the 
slightly varying bond lengths on the bond polariz- 
ability. 

In Fig. 1 the average polarizabilities/3c and/3s of 
M C O 3  and M S O 4  compounds are plotted against the 
values of/3ox obtained from the alkaline earth oxides 
MO. The two values for CaCO3 represent calcite and 
aragonite, respectively./3 of MgSO4 has been derived 
from MgSO4.7H20 and the second value for CaSO4 
from CaSOn.2H20. In both c a s e s  # H 2 0  = 18"3/~3, as 
determined from ice, has been used for an H20 
molecule. With the help of (4) all/3c and/3s values 
have been related to the coordination number NM = 6 

Table 2. Average bond polarizabilities ~ (/~3) ( N c a t  __ 

coordination number of the cation) 

Bond  N ~ t  # 

C--O 3 9"25 
S--O 4 10"60 
N-O 3 12.80 
Na-O 6 2.54 
K-O 6 4.24 
Rb-O 6 5" 54 
Cs-O 6 7.70 

for the alkaline earth ion. Terms containing the quan- 
tity A/3AF in (3a) have been neglected. 

As shown in Fig. 1 the relationship for both kinds 
of materials is linear with a slope of 1. This fact proves 
the universality of/~M-o in all materials under investi- 
gation. By extrapolating both curves in Fig. 1 /3c-o 
and /3s_o have been obtained. In the same way we 
determined/3N-O from Sr(NO3)2 and Ba(NO3)2. Then 
it was possible to evaluate /3Na-O and /3K-o from 
NaNO3 and KNO3 and from Na2SO4 and K~O4,  
respectively. The final results, which include /3Rb-O 
and /3c~_o as determined from Rb2SO4 and CsSO4, 
are shown in Table 2. 

As a test of the accuracy of the/ff values in Tables 
1 and 2 we have calculated the average refractive 
indices in 15 different sulfates. In Table 3 the results 
are compared with the experimental values. The 
average deviation is less than 0.2%. In comparison 
we notice that in the point-dipole approximation the 
corresponding value is 1% (Cowley, 1970). 

~,., //3 

5 

0 

g 

stl 

J C~ corbonotes 

Mg Co  S r  B a  

I I I I l I I I I I I I )  

s ~o~/~3 

Fig. 1. Average  polar izabi l i t ies  /~c of  M C O 3  and  /3s o f  M S O 4  
versus flox of  M O  ( M  = Mg, Ca,  Sr, Ba). Values are related to 
one  M - O  bond .  The  modif ica t ions  o f  Ca  c o m p o u n d s  are: g 
gypsum,  an anhydr i te ,  c calcite, ar aragonite .  
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Table 3. Experimental and calculated average refrac- 
tive indices of sulfates for photon energy E = 0 (za is 

the difference in percent) 

/'lex p ncalc A 

MgSO4.7H20 1"4379 1"4376 -0"02 
CaSOa 1.5735 1.5689 -0 .29  
CaSO4.2H20 1.5134 1.5137 0.02 
SrSO4 1.6163 1.6215 0.32 
BaSO4 1-6227 1-6221 -0 .04  
Na2SO4 1.4636 1.4613 -0 .15  
K2SO 4 1"4852 1"4851 -0"01 
RbESO 4 1"5029 1"5090 0"40 
Cs2SO4 1"5508 1"5499 -0"06 
K2Mg2(SO4)3 1"5199 1"5156 -0"29 
K2Mg(SO4)2.6H20 1"4521 1"4516 0"04 
RbzMg(SO4)2.6 H20 1 "4602 1 "4585 -0" 12 
Cs2Mg(SO4)2.6H20 1"4757 1"4763 0"04 
K2Ca(SO4)2.H20 1.5060 1.5062 0.02 
Na2Mg(SO4)2.4H20 1.4870 1.4898 0.19 

VI. Anisotropy in carbonates and sulfates 

In the past carbonate minerals repeatedly served as 
model compounds for investigating structural sources 
of optical anisotropy (Lawless & Devries, 1964; Lo, 
1973; Pohl & Rath, 1979). Most authors considered 
ionic polarizabilities and used the Lorentz local field 
method in the point-dipole approximation. Kinase, 
Tanaka & Nomura (1979) attributed a part of the 
birefringence in calcite to the anisotropy of the C-O 
bond and determined/3L//3T = 1"64. On the basis of 
birefringence data Pohl (1978) determined cation and 
02 polarizabilities in carbonates and sulfates. He 
observed an unsystematical variation of 02 
polarizabilities by more than 10% in aragonite-type 
carbonates and by more than 20% in sulfates. 

For an analysis of the optical anisotropy we used 
the materials listed in Tables 4 and 5. As a first step 
we attempted to describe za X of different compounds 
with as few parameters as possible. For MCO3 only 
one quantity was needed: 3/3c_o = 5.3 A3. In MSO4 
birefringence can be described using the two quan- 
tities A/3s_ o = 15.0 A3 and za/3M_o = 1.17 A3. In this 
fit we have assumed that AF equals the Lorentz factor 
AX/3. When we calculated the AX's using the above 
values for A/3, they disagreed with experimental A)t" 
values by about 10% in the carbonates and by about 
20% in the sulfates. This result shows that in both 
kinds of materials the anisotropy of the anion group 
is the main source of birefringence. However, the 
above fit is not good enough and the result A/3M_o = 0 
in carbonates and A/3M_ o # 0 in sulfates is not satis- 
factory. 

Inspecting the discrepancies obtained with the 
above values in detail we noticed that AF = AX/3 is 
an oversimplified local field factor. Usually AF is 
determined by considering the mutual interactions of 
point dipoles situated at lattice points. This treatment 
of local field effects does not agree with the concept 
of bond polarizabilities. Therefore we need an 
alternative approach. Let us consider each MON 

Table 4. Structural and optical data for MCO3 

The values 3 C  2 - 1  a n d  Eo/E are valid for one molecular unit. Z 
is the number of  molecules in the unit cell, NM the coordination 
number of the cation M, and dM_o is the bond length of  the M - O  
bond. All other symbols are defined in equations (3) and (5).  

M Mg* Ca*  C a r s  Srf 

Structure Calcite Calcite Aragonite  Aragonite 
V (,~3) 279.1 367.2 226.6 259.1 
Z 6 6 4 4 
NM 6 6 9 9 
dM_ o (.~) 2.104 2"358 2-527 2-636 
/i X ' -0.3745 -0.3335 -0.3048 -0.2671 
/iX" 0" 1459 0" 1252 
P 1"5478 1"5050 1"5384 1-5107 
M - O  bonds 

3 C 2 - 1 0.3698 0.5209 -0.9207 -0.9686 
3C~ - 1 1.0464 0.9171 
(ED/E)' -0.1928 -0.1338 0-0352 0.0064 
(ED/E)" -0.1229 -0.0999 

C-O bonds 
3 C ~ -  1 - 3  - 3  -2.9938 -2-9948 
3C 2 - 1 1.4566 1.4744 
(ED/E)' -0.2023 -0.2023 -0.0395 -0-0208 
(Eo/E)" 0.1226 0-0763 

References for structural data: 
* Landolt-B6rnstein ( 1979a); 
f De Villiers (1971); 

Dal Negro & Ungaretti (1971). 

Table 5. Structural and optical data for MSO4 (for 
explanations see Table 4) 

M Ca* Sr* Ba* N a 2 t  

V (,~3) 305.1 307-2 346.9 707.8 
Z 4 4 4 8 
NM 8 12 12 6 
dM_o (J~) 2.468 2-831 2.952 2.431 
AX' 0.0840 -0-0051 -0.0102 0.0203 
AX" -0"0502 -0"0110 -0"0134 -0"0011 
P 1 "4923 1" 5328 1" 5484 1" 3807 
M - O  bonds 

3C2-1  2.2099 1-6354 1.3388 -0 '3906 
3C~-1 -1.4269 -0-2730 -0.3532 -0-5028 
(Eo/E)' 0.1638 0-0135 -0.0188 0.1255 
(Eo/E)" -0.2250 -0.0004 0.0216 0.0254 

S-O bonds 
3 C ] - 1  0.2578 -0"0694 -0.0792 0.1754 
3C~-1  -0.1025 -0.0642 -0.0856 -0.0083 
(Eo/E)' 0.0943 0.0410 0-0173 0.0778 
(Eo/E)" -0.2247 -0.0259 -0.0039 -0.0931 

References for structural data: 
* Miyake e t  al. (1978); 
t Nord (1973). 

complex as a unit with a total polarizability Nil, where 
N is the coordination number. With the exception of 
the highly anisotropic CO3 group we used the values 
of/3 for/3. The total polarizability is assumed to be 
concentrated at the centre of the complex which 
coincides with the cation M. The dipole field of the 
polarized complexes is calculated at the centre of a 
sphere and the magnitude of these contributions to 
AF is determined by an adjustable factor q which 
turned out to be the same in all crystals with the same 
anion group. Thus the local field factor AF '~ for a 
special bond/.t reads 

AF ~' = AX/3 + qE~/E. (5) 
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The ratio E~,/E contains the contribution of all 
induced dipoles in the neighbourhood of this bond 
which is in the centre of a sphere. 

All structural and optical data which are needed 
for a determination of Aft and q are gathered in 
Tables 4 and 5. In calculating E o / E  the radius of 
each sphere was smaller than 7/1,. The values for the 
bond length in both tables represent average values. 
Thus the influence of slightly varying bond lengths 
within the same complex or in different crystals has 
been neglected. Furthermore, we have assumed that 
(4) describes the behaviour of A/3 correctly for 
different coordination numbers. The compound 
BaCO3 has been excluded because the available data 
do not allow an accurate extrapolation of AX to long 
wavelengths. Hydrated sulfates have been excluded 
to avoid any problem with hydrogen bonds. The 
optical properties of these bonds will be discussed 
elsewhere. 

In the course of our calculations we noticed that 
the birefringence of calcite-type CaCO3 is unreason- 
ably large. A possible reason for this is the existence 
of highly anisotropic absorption bands in the near 
infrared region (Kashintseva, Kolyadin & Shustov, 
1983). Therefore the average Aflc_o value has been 
determined without the value of calcite. The quantity 
3C 2 - 1  -- -0 .0856 of BaSO4 in Table 5 is about 1.5 
times larger than the value one extracts from the 
original structural data. The value for 3C 2 - 1  has 
been changed within the limit of the experimental 
error reported by Miyake, Minato, Morikawa & Iwai 
(1978). The change was necessary because otherwise 

zx~/~ 
.o • • • • 

0. 5 

0 > 
2.5 ~ 3.o 

- - d  > 
Fig. 2. Relative anisotropic bond poladzabilities Afl/~ of M - O  

bonds as a function of the bond length d (M = Mg, Ca, Sr, Ba). 
The results presented can be identified with the help of Tables 
4 and 5. The full line represents a fit according to equation (6). 

the optical and structural data of the two isotypic 
crystals, BaSO4 and SrSO4, contradict each other. 

For reducing the number of free parameters we 
used for the Mg-O bond the A/3 value which is 
obtained from the elastooptical effect as described in 
§ IV (A/3Mg_O = 3" 14 A3). In a similar way we obtained 
from the elastooptic coefficient P44 o f  calcite-type 
CaCO3 Aflca_ o = 2"97 A3. Finally we are left with 13 
experimental values and nine bond parameters. 

The result of a least-squares fit is A/3c_o = 
4.86(9) A3 and qcar~ = 0.22(4) for the carbonates and 
Afls__o = 10.13(11) A 3 and qsul =0.024(4) for the sul- 
fates. The standard deviations are given in paren- 
theses. In addition we have determined A/3 of the 
bonds Ca-O,  Sr-O, and Ba-O in aragonite-type and 
sulfate crystals. The result is shown in Fig. 2 together 
with the values obtained from the elastooptical effect 
in MgO and calcite as described above. As demon- 
strated in Fig. 2, the Afl's of the M - O  bonds follow 
approximately the relation 

Afl / f l=  a( d - do) 2 (6) 

• with a = 0.92(10)/~-2 and do = 3.06(36) ~ .  

VII. Discussion 

It is highly surprising that the anisotropic part of the 
polarizabilities of the ionic M - O  bonds obeys the 
simple relation (6), although the values have been 
gained from different materials and effects. This result 
suggests a universal meaning of (6). The universality 
of A/3s_o is stressed by the fact that the same value 
is observed in the alkaline earth sulfates and in 
Na2SO4. 

Let us assume that (6) is exactly valid. Then we 
need the six quantities A/3c_o, qcarb, A/3s_o, qsul, a 
and do for a description ofbirefringence in all alkaline 
earth carbonates and sulfates. The average deviation 
between experimental and fitted AX values is 0.015 
or about 5% in the carbonates and 0.001 or 2% in 
the sulfates. An error of 0.001 for AX corresponds to 
an error of about 0.0005 of the birefringence An. This 
is near to the experimental limit of refractive index 
data. Another source of discrepancies is the errors in 
structural data, as already discussed for BaSO4. In 
principle the birefringence An itself can be measured 
with a sensitivity of 10 -6. ThUS it should be possible 
to improve structural parameters by a measurement 
of birefringence if the individual bond parameters 
are known. 

Another attractive application of bond polariz- 
abilities is the determination of atomic displacements 
which are induced by an external field. Without 
difficulty it is possible to measure as a function of a 
uniaxial stress or an electrical field changes of An 

11 which are as small as 10- . The corresponding atomic 
8 9 displacements are estimated to be 10- to 10- ~ .  This 
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seems to be a new class o f  sensit ivi ty for  s tudy ing  
s t ructural  proper t ies .  

It shou ld  be m e n t i o n e d  tha t  a modi f i ca t ion  o f  the 
local  field fac tor  by the te rm q E o / E  in (5) is not  the 
only  way to improve  the descr ip t ion  of  AX in the 
crystals cons idered ,  but  it is the most  effective one.  
In a sys temat ic  way we have tested different poss ible  
inf luences on  AX. With  the use of  a modi f ied  local  
field fac tor  we ob t a ined  the highest  accuracy  with the 
smallest  n u m b e r  of  fit parameters .  

The presen t  results demons t r a t e  that  the aniso-  
t ropic  po la r izab i l i ty  o f  the bonds  is the or igin of  
opt ical  b i re f r ingence  An. In the crystals s tudied  here 
the ma in  con t r i bu t i on  to An stems f rom the cova len t  
bonds  C - O  and  S-O.  We observed  in a p re l imina ry  
s tudy a different  b e h a v i o u r  o f  crystals with the /3- 
K2SO4 structure.  In those  crystals the b i re f r ingence  
is even smal le r  than  in the a lka l ine  ear th  sulfates.  As 
a consequence  the in te rp re ta t ion  of  AX in terms of  
b o n d  polar izabi l i t ies  requires  s imu l t aneous ly  a 
critical cons ide ra t ion  of  s tructural  data.  Therefore ,  
with the excep t ion  of  Na2SO4, we exc luded  alkal i  
sulfates f rom the present  work. 
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Abstract 

A new asymmetric domain for intercrystalline mis- 
orientation is defined in the space of Euler angles for 
materials exhibiting cubic (Oh point-group) lattice 
symmetry. The invariant measure for this new domain 
is nearly constant; this is in significant contrast to the 
previous domain defined by MacKenzie [Biometrika 

(1958), 45, 229-240]. Distribution functions in the 
misorientation can now be represented with greater 
clarity and convenience in the new domain. A detailed 
theoretical analysis of special misorientations exhibit- 
ing multiplicities m>  1 is described. It is demon- 
strated that all such special misorientations fall upon 
the surfaces separating distinct asymmetric domains. 
This result convincingly proves that the derived asym- 
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